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1. INTRODUCTION 
A configuration that occurs often in character theory of solvable groups, 
and therefore has been the object of much research, is that of fully ramified 
sections; see [7, 6,4, 23. A normal subgroup H of G is said to be fully 
ramified in G, if there exists an irreducible character 0 of H, such that 
0’ = Ed, for x some irreducible character of G, and xH = e0. The purpose of 
this paper is to study a generalization of this situation which seems to 
occur quite often, that is, when H is not known to be normal. A technique 
is developed to study such situations based on the following result: 
PR0p0sITf0~. if H (not necessarily normal) is fully ramified in G, then 
there exists a subgroup K of G, with HK = G, and with K containing N, the 
core of H in G, such that N is fully ramified (and normal) in K. 
The following are some of the results proved: 
THEOREM A. Suppose N c H c G, with N normal in G and H fully 
ramified in G. Assume that H has a normal complement L ocer N, and that 
lG : HI is not a power of 2, then LfN is not cyclic. 
An example shows that the conclusion is false for 2-groups. This is a 
generalization of the case when H is normal in G, since in that case L:IN 
is isomorphic to G/H which cannot be cyclic when H is fully ramified in G. 
As an application, this result can be used to show that the final term of the 
lower central series of G/Z(G), where G is an odd group of central type, 
cannot be cyclic unless it is trivial. 
THEOREM B. Let NE H c G with N normal in G and (IG : HI, 
1 H : NI ) = 1. Assume that 0 E Irr( H) is fully ramified in G, and let n be an 
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irreducible constituent of 8,V. Then H has a complement L, over N in G, with 
n fully ramified in L. Furthermore, any two such L are conjugate in G. 
This Schur-Zassenhaus type theorem can be used to strengthen 
Theorem A in the coprime case. That is, in this setting if there is a unique 
conjugacy class of complements for H over N (for example, if G is solvable, 
or if H is normal in G), then (not only L/N is not cyclic but) N is fully 
ramified in any of these complements. 
In recent years, the study of characters of solvable groups has led 
increasingly to the study of a special class of irreducible characters, that of 
x-special characters; see [3, 81. An irreducible character is called rc-special 
if its degree and the determinantal order of each of the constituents of its 
restriction to every subnormal subgroup are a z-number. An irreducible 
character is called x-factorable if it is the product of a n-special and k-special 
character. In the final sections of the paper we turn to these characters and 
study the interaction between the primes “involved” in the character and 
the prime divisors of G/N to prove: 
THEOREM C. Let G be solvable, H c G, and 8 an irreducible character of 
H is fully ramified in G. Let x be the smallest set of primes such that 6 is 
x-special. Then all the prime divisors of IG : NI, where N is the core of H in 
G. must be in 71. 
We also prove a generalization of the following fact that was proved by 
I. M. Isaacs for the normal case: 
THEOREM D. Let G be solvable and H L G. Assume 9 E Irr(H) is fully 
ramtfied in G and lies under x E Irr(G). Let z be any set of primes. Then 19 
is x-factorable tf and only if x is n-factorable. 
2. DEFINITIONS AND PRELIMINARIES 
All groups considered are finite. A subgroup H of G is said to be fully 
ramified in G if there exists 8 E Irr(H) with OG = ex, and xH = e0, for some 
XE Irr(G). In such a situation we also say that 8 is fully ramified in G, x 
is fully ramified over H, and x is fully ramified over 8. 
The following lemma will be needed (we use the notation Irr(G 10) to 
denote the set of irreducible constituents of 8’, where 8 is an irreducible 
character of some subgroup of G): 
(2.1) LEMMA. Let H be a subgroup of G, 0 E Irr(H), x E Irr(G 1 t9), then 
the following are equivalent: 
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(i) O”=ex, und zH=e6’ (th a IS, x is full~t ramlyied over 0). t 
(ii) dc=q, ande’=IG:HI. 
(iii) XH=eO, and e2= IG : HI. 
(iv) x vanishes off H and xH is a multiple of 8. 
(v) ~vanishesoffHand~(l)‘=(G:HI8(1)~. 
Proof We will prove (v) implies (i). All the other parts are easy to 
prove. 
Let xH = eB + ,4, where n is a character of H, and 8 is not a constituent 
of A. Since x vanishes off H, we have 
ICI = c Ix(x)l’= c Ixb)12= c leW)+ 4x)1’ 
.‘(t G XE H VEH 
< 1 e210(x)12=e’lHI. 
XE H 
Thus we have ez > IG : HI. Calculating degrees we get 
IG: H18(1)2=X(1)2=(ee(l)+/1(1))2>/e20(1)2>IG: HIfI(1)2. 
It follows that all the inequalities are equalities, and therefore A( 1) = 0, and 
eZ = IG : HI. Now by Frobenius reciprocity tIG = eX + E, where E is some 
character of G. Again calculating degrees immediately implies that 
3( 1) = 0, and the proof is complete. 1 
The following computational emma is a generalization of Lemma (2.1) 
of [2]. 
(2.2) LEMMA. Let H & K s L. Assume I$ E Irr( L) is fully ramified over 
8 E Irr( H). Let dK = zi=, a,$,, and ($j)H = b,O, then 
(i) 0”=~~=, biGi, ($i)L=Uid. 
(ii) ai= IL: KI bile, bi= IK: HI aJe, trhere e2= IL : HI. 
(iii) eeK= IK: HI cjK. 
(iv) C:=,af=IL:KI,~~=,bf=IK:HI. 
(v ) If t = 1, then K is fully ramified in L, and H is fully ramified in K. 
Proof. Part (i) is clear by Frobenius reciprocity. Note that we have 
IL: KI $i(l)=a,d(l), +i(l)=bi~(l), and 4( 1) = e0( 1). From these (ii) is 
immediate. Part (iii) follows from (i) and (ii). Part (iv) is immediate after 
computing the degrees of (d,)L and (OK),, and (v) is just the definition of 
fully ramified. 1 
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Let HE G with 8 E b-r(H). We say 6 is stable in G, if Og and 0 agree on 
H n Hg for all g E G. We say 8 is strongly stable in G, if for all x E Irr(G 1 O), 
we have xH = CO. 
Note that if H is normal in G then being stable or strongly stable in G 
is equivalent to being invariant in G. Thus both concepts are extensions of 
invariance to the nonnormal case. It is easy to see that if xH = CO, for some 
x E Irr(G IO), then 0 is stable. Thus we have: 
(2.3) LEMMA. Let Hc G and 8 E Irr(H). 
(i) If 8 is fulZy ramified in G then 8 is strongly stable in G. 
(ii) If 8 is strongly stable in G then 0 is stable in G. 
(2.4) LEMMA. Let HE G. Assume 8 E Irr( H) is strongly stable in G, then 
x x( 1)’ = JG : HJ e( I)‘, where the sum is taken over all 1 E Irr(G) e). 
Proof: Let OG = C a,X, where the sum is taken over all x E Irr(Gl0). 
Since 8 is strongly stable, by Frobenius reciprocity we have xH= a,& 
Therefore a, = x( l)/e( 1). Now calculate the degree of 0’ and the result 
follows. 1 
We will now return to fully ramified characters. The next corollary 
follows from Lemma 2.4. 
(2.5) COROLLARY. Let H c KG G. Assume K IS normal in G, and that 
8 E Irr( H) is fully ramified in G. Then for $ E Irr(Kl0) we have 
t$(l)‘= likl: HI e(iy, where t = I G : Io( $ )I. 
Proof Let x be the unique irreducible character of G that lies over 8. 
Now 8 fully ramified in G implies that 0 is strongly stable in K, and there- 
fore Lemma 2.4 applies in K. All elements of Irr(Kl0) are irreducible con- 
stituents of xK, and hence are conjugate in G. Thus the left side of the 
equality in Lemma 2.4 becomes t@(l)‘, and the proof is complete. 1 
If in addition to being fully ramified, H is known to be normal in G, then 
much is known about the possible structure of G/H (see [4, 1, 2, 71). Some 
of these results will be needed. 
A group is said to be of central type if it is fully ramified over its center. 
A group that is isomorphic to G/Z(G), where G is a group of central type, 
is said to be a central type factor group, or ctfg for short. 
The next result shows that for understanding the groups that occur as 
G/H, where H is fully ramified in G, it is enough to study ctfg’s. 
(2.6) LEMMA. Suppose H is normal and fully ramified in G. Then G/H is 
a ctfg. 
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Proof This is Lemma 4.3 of [4]. The proof uses character triple 
isomorphisms. 1 
Much more than the next lemma is known. However, this will be all that 
is needed. 
(2.7) LEMMA. A nontricial crfg cannot be cyclic. 
Proof: If G/Z(G) is cyclic, then G is central by cyclic, and therefore 
abelian. Thus G = Z(G). 1 
(2.8) THEOREM. A ctfg must be solcable. 
Proof: This is Theorem 7.3 of [4]. The proof uses the classification of 
finite simple groups. 1 
The next proposition is also a generalization of the normal case. 
(2.9) PROPOSITIOK. Let H c K E L with (IL : K(, 1 K : HI ) = c. Assume 
that q5 E Irr(L) is jiiil~ ramified oOer 8~ Irr(H), then lIrr(Kl0)l d c. 
In particular, if the two indices are relatively prime, then H is fully 
ramcj?ed in K, and K is full]* ramtfied in L. 
Proof: Let dK = xt=, ai$i, (1+5~)~ = b,B, and IL. : HI = e2. We know that 
the greatest common divisor of the index of H in K and the index of K in 
L is c, and the product of these two indices is e2. It follows that 
1 K : HI = k*c and 1 L : KI = g*c, where (k, g) = 1. Also, e = kgc. Now by 
Lemma 2.2(ii) we have ai= IL : KI b$e. This implies that kgc divides g2cbi. 
Thus k divides gb,. Since k is relatively prime to g it follows that k divides 
bi. This implies that k< bi. Now xi=, 6: = IK: HI by Lemma 2.2(iv). 
Therefore, k’c = 1 K : HI = xi=, bf > tk’. This gives t < c, which completes 
the proof. 1 
(2.10) COROLLARY (DeMeyer and Janusz [ 11). Let G be a ctfg and P 
a Sylow subgroup of G. Then P itself is a ctfg. 1 
Lemma 2.9 says that in certain situations a fully ramified configuration 
can be “decomposed” into two potentially smaller fully ramified configura- 
tions. In the other direction we can try to “build” fully ramified subgroups 
from existing ones. The proof of the following lemma is immediate: 
(2.11) LEMMA. Let H,cH,sH,. Let 8, E Irr(H,), and 0,~ 
Irr( Hi I t3- , ) for i = 2, 3. Consider the three pairs (ei, O,), where i z-j. 
Assume that for two of these Oi is fully ramified ocer 8,. Then the same is 
true for the third pair. 1 
Along the same lines we will prove: 
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(2.12) PROPOSITION. Assume G = LK is a group. Let L n K= H and 
(IG: L(, lG:Kl)=c. 
(a) Ife~Irr(H) is fidZy ramified in L and K, then lIrr(Gl@)l <c. 
(b) rf x E Irr(G) is fully ram@ed ocer L and K, then the number of 
irreducible constituents of xH is no more than c. 
In particular, if the indices are coprime then in either case H is fully 
ramified in G. 
Proof (a) Let 4 and II/ respectively be the irreducible characters of L 
and K which are fully ramified over ~9. Also, let a2 = IL. : HI = 1G : KI, and 
b2 = IK: HI = 1G : LI. So from Lemma 2.1, for example, it follows that 
13L = a$, and dH = a0. Now c is the greatest common divisor of a2 and b2, 
and thus it is itself the square of an integer, and we have a2 = ch2, and 
b2 = ck2, where (h, k) = 1. 
Let x E Irr(G 10) = Irr(G 14) = Irr( G I $), and let d and f be, respectively, 
the multiplicities of x in 4” and $ G. Now, we have aqSG=OG= btiG, and 
computing the multiplicity of 1 in these gives bf = ad. Thus kf = hd. Since 
h divides kf and is relatively prime to k, it follows that h divides J: In 
particular h < jI 
On the other hand, we have abll/ = (dH)K= ($G)K, and thus xK is a mul- 
tiple of $. It follows that II/ is strongly stable in G, and by Frobenius 
reciprocity we get xK = f+. Therefore for x E Irr(G ) 0) we have x( 1) = 
;;,$Uh;;W ). F ina 11 y, since $ is strongly stable in G, Lemma 2.4 applies 
where t = IIrr(G Ie)l. Now it is immediate that t < a2/h2 = c. 
In particular if the indices are coprime, it is clear that 8 will be fully 
ramified in x. The proof of (b) is similar. 1 
3. THE CORE OF A FULLY RAMIFIED SUBGROUP 
In this section we will prove the proposition that will provide the essen- 
tial technique for the rest of the paper. As we shall see, if H is fully ramified 
in G then much information can be obtained by considering core,(H), the 
core of H in G, that is, the largest normal subgroup of G contained in H. 
The core will provide a way of using our knowledge of normal fully 
ramified subgroups to get information about the nonnormal situation. First 
we need a definition and some lemmas. 
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If 6, is a character of H, then the rank/zing-oj“ subgroup, V(0), is the 
smallest subgroup of H such that 8 vanishes on H - V(0). Of course, V(0) 
is normal in H. 
The next lemma is a generalization of a result of Garrison Lemma 12.17 
in [S]. 
(3.1) LEMMA. Let H c G, and BE Irr( H). If 8 is strongly stable in G then 
V(0) is normal in G. 
Proof See the proof of Lemma 12.17 of [S]. 1 
Remark. It follows that if 0E Irr(H) is strongly stable in G, then it 
vanishes off the core of H in G. In particular if 8 is linear then H must have 
been normal in G. This fact could have been established directly, and a 
generalization of it will be given in Section 7. Of course, all of the above 
holds for fully ramified characters. 
(3.2) LEMMA. Let G = HK, and H n K= I. Assume that N= core,(H) is 
contained in I. It follows that N = core,(Z). 
Proof: Let M be the core of I in K. Clearly Ns A4, and so we need 
44 E N. 
Consider MC, the normal closure of M in G. We have 
Thus MC is a normal subgroup of G contained in H. Therefore 
MC G N& M. It follows that N= M. 1 
(3.3) PROPOSITION. Let N z H c G with N normal in G, and n E Irr(N) 
an irreducible constituent of xN, where XE Irr(G). Furthermore, let 
II/ E Irr(I,(q)) be the Cltfford correspondent of x with respect to n. Then ;5 is 
fully ramified ocer H if and only if 
(i) L,(n)H=G, and 
(ii) I,!I is fully ram$ed ocer Z,(n). 
Furthermore, if N = core,(H), and x is fully ramified otter H, then $ is 
fully ramified ouer N. 
Proof Let K=Z,(q), I=I,(q)=Kn H, and e2= 1G : HI. 
Assume x is fully ramified over 8 E Irr(H). By Clifford’s theorem 
f3,v=fC:=,qi, where t=IH:ZI. It follows that XN=efC:=,qi. Thus 
IG : KJ = 1 H : 11 which implies G = HK 
Let [E Irr(Z) be the Clifford correspondent of 8 with respect to q. So 
II/‘=x, and iH= 8. This implies that $( 1) = e[( 1). Now, r] is invariant in 
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K which means ((IN = a~. Therefore all irreducible constituents of $, lie over 
q. On the other hand, e0 = (I++“)~ = (ICI,)“. Thus all irreducible constituents 
of $, lie under 8. By the Clifford correspondence, 5 is the unique irreducible 
character of I that lies under 0 and over r]. It follows that $(= cc. 
Comparing degrees gives c =e. Therefore $ is fully ramified over j by 
Lemma 2.l(iii). Furthermore if N = core,(H), then it follows from 
Lemma 3.2 that N is also the core of I in K. Thus $ vanishes off N by 
Lemma 3.1. We already knew that +,,, is a multiple of I], and so Lemma 2.1 (iv) 
implies that $ is fully ramified over q. 
Now assume @ is fully ramified over [E b-r(Z), and that G = KH. So 
II/,=e[, and cK= ell/, where ez = 1G : HI. Now q lies under $ and therefore 
it must lie under c. Clifford’s correspondence implies that [” is an 
irreducible character of H, say 0. However, BG= ([H)G = (i”)‘= ex, 
and thus x is fully ramified over 8 by Lemma 2.l(ii) and the proof is 
complete. i 
The setting of the above proposition will occur frequently enough that 
we will call it the Basic Configuration. 
(3.4) BASIC CONFIGURATION. Let N c H G G, with N normal in G. 
Assume x E Irr(G) is fully ramified otler 8 E Irr(H), and e2 = (G : HI. Let 
q E Irr( N) be an irreducible constituent of 8,. Furthermore let K= IG(q), and 
Z= K n H = Z,(q). q!~ E Irr(K) and [ E Irr(1) will, respectit’ely, be the Clifford 
correspondents for x and 6 with respect to q. 
Lemma 3.3 says that in the Basic Configuration G = KH, and $ is fully 
ramified over c. Furthermore, if N = core,(H) then II/ is fully ramified over 
‘I. Note that in this case N is a normal fully ramified subgroup of K, and 
therefore we can apply the known theorems about normal fully ramified 
subgroups. 
GX 
VK 
/ 
NT) 
(3.5) COROLLARY. Assume H is fully ramified in G, and M is a normal 
subgroup of G containing H. Then G/M is soloable. 
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Proof Let N = core,(H). and we are in the Basic Configuration. Now, 
G/M is isomorphic to IQKn M which is a factor group of K/N. Now N is 
normal and fully ramified in K by Lemma 3.3, and therefore K/N is 
solvable by Theorem 2.8. Thus, G/M is also solvable. 1 
(3.6) COROLLARY. Assume H is fully ramified in G, and p is a prime 
dioisor of 1 G : HI. Then p divides the order of N = core,( H ). 
Proqf: We are in the Basic Configuration. Since (G : HI = 1 K : II. we 
conclude that p divides JNI by the corresponding result for normal fully 
ramified subgroups (Corollary 4.5 of [4]). 
To conclude this section, we will mention the answer to a natural 
question. Let H be fully ramified in G, and N be the core,(H). If N= H 
then G/N has to be solvable by Theorem 2.8. Could this be true even if H 
is not normal? The answer is no. Assume A is any group that acts faithfully 
on B, where B is a ctfg. Then using wreath products it is possible to build 
an example where G/N is isomorphic to the semidirect product of A and B. 
4. COMPLEMENTS OF FULLY RAMIFIED SUBGROUPS 
In the study of normal fully ramified subgroups, much of the effort has 
been to understand the structure of a ctfg, that is, the factor group G/H, 
where H is normal and fully ramified in G. Now, if H is not normal in G, 
we cannot look at the factor group. However, some information can be 
obtained by examining the Basic Configuration where in addition we 
assume that H has a normal complement, L, in G over N. Note that if H 
was normal in G then G/H would be isomorphic to L/N, and therefore L/N 
would also be a ctfg. Thus we would expect, even when H is not known to 
be normal, that L/N would resemble a ctfg. For example, by Lemma 2.7, 
a nontrivial ctfg cannot by cyclic. So it would not have been surprising if 
LIN could never be nontrivially cyclic. However, what makes the situation 
interesting is that this is false in general, as an example will show. We will 
prove that LIN is not cyclic when it is not a 2-group, and then apply the 
result to get a necessary condition for a group to be a ctfg. 
(4.1) LEMMA. Let p be an odd prime and let 1 #k E Z. Assume that 
p 1 (k - 1). Then pe is the exact power of p dividing (kj- l)/(k - l), where 
j=p’andO<eEZ. 
Proof This is Lemma 10.11 of [S]. 1 
Now we are ready to prove a slightly stronger version of Theorem A. 
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(4.2) THEOREM. Assume the Basic Configuration, and in addition assume 
that L is a normal subgroup of G with LH = G, and L n H = N. If L/N is 
nontrivially cyclic, then (L : NI is a power of 2, and 2 divides 1 H : NI. 
Proof: We will first show that IL : NI = IG : HI is a power of 2. 
Assume that a prime p # 2 divides 1 L : NI. Among all such counterexam- 
pies choose G such that IG : NI is as small as possible. 
Step 1. N = core,(H). 
Proof. Let M = core,(H). A4 is inside H and contains N. Now, L/N is 
isomorphic to ML/M, and the hypotheses of the theorem are satisfied with 
M in place of.N and ML in place of L. Since by hypothesis G/N is as small 
as possible we have N = M. 
Step 2. L.jN is a p-group. 
Proof: Let P/N be a Sylow p-subgroup of L/N. Now L/N is cyclic and 
thus P/N is characteristic in it. It follows that P is normal in G. (G : PHI 
and IPH : HI are coprime, and so H is fully ramified in PH by Lemma 2.9. 
The hypotheses of the theorem are satisfied with PH in place of G and P 
in place of L. Again the minimality of G/N implies that PH = G. 
Step 3. C,,,(LjN) = L/N. 
Proof: We know L/N is cyclic, and thus L/Nz C,&L/N). Let C be 
the subgroup of H containing N such that C/N= C,,(L/N) = 
C&,,(L/N) n H/N. Now, C/N is normalized by both L/N and H/N, and is 
therefore normal in G/N. It follows that C is normal in G. However, 
N = core,(H), which implies that N = C. Thus C,& L/N) is not larger than 
L!N. 
Step 4. H/N is cyclic. 
Proof Note that Ef/N is isomorphic to G/L which in turn is isomorphic 
to N,,(L/N)/Co,,(L/N) because of Step 3. It follows that H/N is 
isomorphic to a subgroup of the automorphism group of L/N. Now LiN 
is a cyclic p-group with p odd, which implies that H/N is also cyclic. 
Step 5. N= I. 
Proof: Recall that I= Z,(q), and $ E Irr( K) is fully ramified over I and 
over N by Lemma 3.3. It follows from Lemma 2.11 that N is fully ramified 
in Z, and thus I/N is a ctfg. Howerver, I/N is cyclic by Step 4. Therefore 
Lemma 2.7 implies that I/N is the trivial group. 
Step 6. The final contradiction. 
Proof So far we know that L/N and K/N are p-groups of equal order, 
say p”. Furthermore, L/N is cyclic. Let it be generated by x. We will now 
481/130/l-14 
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show that K/N is also cyclic. This will be a contradiction since K/N is a ctfg 
by Lemma 3.3. 
H/N is cyclic by Step 4. Let it be generated by ~1. Now, KH = G, which 
implies that ka’= x for some k E K/N and some integer i. Therefore 
xa -‘E K/N, and so its order has to divide p”. The proof will be complete 
when we show that the order of .YK’ is actually equal to p”. 
Let b =a’, and define the integer f so that .Y’ =s-‘: Our first step is to 
show that the order of h is a power of p. A calculation shows that 
(~~b~l)J=x’/‘~LJ~.I~IIb~/ 
for any positive integer j. Now since the order of .xbb ’ divides p”, and 
(x) n (6) = 1, we conclude that the order of b divides p”. 
Now (9) is characteristic in LIN, and therefore b acts as an 
automorphism of LI(xp). However, the latter is a cyclic group of order p 
and does not have any nontrivial automorphisms of p power order. Thus 
b fixes Lj(xp), which implies that f = 1 mod(p). For any nonnegative 
integer e we can apply Lemma 4.1, and get that p’= k is the exact power 
of p that divides (f k - 1 )/( f - 1). The order of xb ~ ‘, say m, is a power of 
p, and given the calculation in the previous paragraph p” has to divide 
(f”’ - I)/( f - 1). It follows that m, the order of xa -’ = xb ~ ‘, is exactly p”, 
and we have got the required contradiction. 
It remains to be shown that 2 has to divide 1 H : Nl. Assume that H/N 
is an odd group. It follows that L/N is a Sylow 2 subgroup of G/N. Thus 
KIN also has a nontrivial cyclic Sylow 2 subgroup. However, K/N is a ctfg 
by Lemma 3.3, and therefore by Corollary 2.10 its Sylow 2 subgroup is also 
a ctfg, and thus cannot be cyclic. This contradiction completes the 
proof. 1 
Actually we will need a slight generalization of the above: 
(4.3) COROLLARY. Assume H is fully ramified in G, and N is a normal 
subgroup of G contained in H. In addition, suppose L is a normal subgroup 
of G such that LH = G, and L n H = M, where M contains N. Assume either 
that 1 L : MI is not a power of 2, or that 2 does not divide 1 H : MI. Then L/N 
cannot be nontrivially cyclic. 
Proof: Assume L/N is cyclic. This implies that M is normal in L. Also, 
since L is normal in G, it follows that M is normal in H. Thus M is normal 
in G. Now apply Theorem 4.2 with M in place of N, and the result 
follows. 1 
(4.4) EXAMPLE. Let Q be the generalized quaternion group of order 16. 
Q = (k, h 1 k8 = 1, h2 = k4, kh = k ~ ’ ). Let fi be an automorphism of order 2 
that acts on Q by inverting h and sending k to its fifth power. Let G be the 
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semidirect product of Q and (p). This is an example of a group in which 
a fully ramified subgroup has a cyclic complement over a normal subgroup. 
To see this let N= Z(G)= (k4), f-Z= (h, p), and L= (k). It is 
straightforward to check that all the hypotheses of Theorem 4.2 are 
satisfied. In fact, not only is H fully ramified in G, but N is also fully 
ramified in both H and G. 
Corollary 4.3 can be used to find a necessary condition for a group to be 
a ctfg. We will lirst need to recall a result of Howlett and Isaacs: 
(4.5) THEOREM (Howlett and Isaacs). Assume i.EIrr(Z(G)) is fu& 
ramified in G, then i is fully ramified in H, where H is a system normalizer 
for G. 
Proof This is Corollary 6.3 of [4]. 1 
(4.6) THEOREM (Gaschutz, Schenkman, and Carter). Let G be a finite 
soluable group and denote by L the final term of the lower central series of 
G. If H is any system normalizer of G, then G = HL. 
Proof: This is Theorem 9.2.7 of [lo]. 1 
(4.7) COROLLARY. Let B be a ctfg. Assume B”, the smallest term of the 
lower central series of B, is not a 2-group. Then B” cannot be cyclic. 
Proof: By the definition of a ctfg, there exists a group G fully ramified 
over its center Z= Z(G) such that G/Z is isomorphic to B. Let H be a 
system normalizer of G. Clearly H contains Z. Also, H/Z is a system nor- 
malizer of G/Z (Lemma 5.4 of [4]). Therefore Z is fully ramified in H by 
Theorem 4.5, and thus it follows from Lemma 2.11 that H is fully ramified 
in G. Let L be the inverse image of B” under the canonical 
homomorphism, then by Theorem 4.6 we have LH = G. Now, Corollary 4.3 
applies and we get L/Z is not cyclic. Thus B”, which is isomorphic to L/Z, 
cannot be cyclic. 1 
5. COPRIME INDICES 
We will now turn our attention to the Basic Configuration when in addi- 
tion we know that IG : HI and I H : NI are relatively prime. Somewhat 
suprisingly, it will be shown that in this situation there necessarily must 
exist in G a relative complement L for H over N such that q will be fully 
ramified in L. Furthermore any two such L will be conjugate. This will 
then be used to strengthen Theorem 4.2 in this coprime setting. To prove 
the general theorem, we first have to prove the two special cases when 
N= core,(H), and when H is normal in G. 
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(5.1 ) LEMMA. Assume the Basic Configuration, and in addition assume 
that (IG : HI, IH : NI ) = 1, and that N is the core,(H). Then there exists a 
complement L for H orer N with n fully ramtfied in L. 
Proof By Proposition 3.3 we know that K;‘N is a ctfg, and therefore by 
Theorem 2.8 it is solvable. Let L/N be a Hall n-subgroup of K/N, where 
7c is the set of prime divisors of 11y : II. Because of the coprimeness of 
the indices, L is a complement for H over IV Now q is fully ramified in 
K and (lK:LI,lL:N()=l, and thus tl is fully ramified in L by 
Proposition 2.9. 1 
(5.2) LEMMA. Assume the Basic Configuration, and in addition assume 
that L is a complementfor Hover N, and that (IG: HI, IH: Nl)= 1. If q is 
incariant in L then n is fuilJ1 ramtfied in L. 
Remark. We are not assuming that N is the core of H in G, otherwise 
the proof would follow from Propositions 3.3 and 2.9. 
Proof Induct on IG : NI. Now q is invariant in L and thus 
L s K= I,(q). If K< G then we are done by the inductive hypothesis 
applied in K. So assume that K= G, that is, r] is invariant in G. 
Let Irr(Llq)= {bili= 1, . . . . t}. We need to show that t = 1. Let 
(di),%,=n,r], ON= fq, and e* = 1G : HI. We know that f divides the index of 
N in H, and is therefore relatively prime to e. Now we have 
4zL. d;l = C(~“)L, dil = C(~.V)“, dil =f CV”, dil =fni. 
It follows that e divides fni. However, since (e, f) = 1, it follows that e 
divides ni. In particular e<ni. 
By Frobenius reciprocity we have qL = xi=, nidi. Computing degrees we 
get 
IL: Nl q(l)= C nidi(l) 
,=I 
=iC, nfrl(l) 2 te2q(l)= tlL: NI q(1). 
Thus t = 1 and the proof is complete. 1 
We need the following Lemma due to Glauberman. 
(5.3) LEMMA. Let groups L and H act on a set Q and suppose also that 
L acts on H by automorphisms. Assume 
(i) (14, WI I= 1, 
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(ii) H is transitioe on 0. 
(iii) (r.h).l=(C(.l).h’for allaE52, ~EH, IEL. 
Then the set of fixed points of L on R is nonempty. 
Proof. This is Lemma 13.8 of [S]. 1 
(5.4) LEMMA. Assume the Basic Configuration, and in addition assume 
that ((G : HI, 1 H : NI ) = 1 and that H is normal in G. Then G has a unique 
conjugacy class of complements for H oDer N, and q is fully ram@ed in at 
least one of these complements. 
ProoJ: The first conclusion is just the Schur-Zassenhaus theorem. 
Given L, a complement for H over N, it will be shown that some conjugate 
of ‘1 is fully ramified in L. It will then follow that q is fully ramified in some 
conjugate of L, and the proof will be complete. 
Let R= (q=q,,..., q,} be the set of irreducible constituents of 8,%,. Now 
H/N acts transitively on Sz by conjugation. However, Q is also the set of 
irreducible constituents of xN, and thus G/N, and therefore L/N, acts on Q 
by conjugation. Now Lemma 5.3 readily applies and it follows that L/N 
fixes yli for some 1~ i < t. Now Lemma 5.2 implies that qi is fully ramified 
in L, and the proof is complete. 1 
Now we are ready to prove Theorem B. 
(5.5) THEOREM. Let N& H& G with N normal in G and 
(1 G : HI, (H : NJ ) = 1. Assume that 0 E It-r(H) is fully ramified in G, and let 
r] be an irreducible constituent of tlN. Then H has a relatioe complement L 
otrer N in G with q fully ram$ed in L. Furthermore, any two such L are 
conjugate in K = I,(q). 
Proof: We are in the Basic Configuration, and therefore adopt the 
usual notation. 
Induct on 1G : Nl. If K is a proper subgroup of G, then we will be done 
by applying the inductive hypothesis to K. So we can assume that q is 
invariant in G. 
Let M be the core of H in G. By Lemma 5.1 we get that H has a comple- 
ment R over M in G such that M is fully ramified in R. Now we can apply 
Lemma 5.4 to R, and get L a complement for A4 over N, such that q is fully 
ramified in L. Since L is also a complement for H over N, it is the sub- 
group that we want. 
Let L, be another complement for H over N, with q fully ramified in L,. 
Let R, = L,,M. Since K= G, and A4 is the core of H in G, it follows that 
G is fully ramified over A4 by Lemma 3.3. It follows from Theorem 2.8 that 
G/M is solvable. Now, R/M and R,/M are two Hall subgroups of G/M, 
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and thus R and R, are conjugate in G. So some conjugate of L, is con- 
tained in R, and thus by the Schur-Zassenhaus theorem is conjugate to L. 
This completes the proof. 1 
(5.6) COROLLARY. Let N G HE G, with N normal in G, and 
((G : H(, 1 H : NI ) = 1. Assume that H is fully ramified in G, and that G has 
a unique conjugacy class of complements for H over N. Then each of these 
complements is fully ramified over N. 1 
6. PRELIMINARIES ON IT-SPECIAL CHARACTERS 
The purpose of this section is to present some of the facts about n-special 
characters that will be used in the final two sections of the paper. The 
definition involves the determinantal order o(O) of a character 8, which is 
the order of det(8) in the group of linear characters. For the rest of the 
paper n will denote a set of primes. 
(6.1) DEFINITION. Let G be n-separable. We say that x E Irr(G) is 
x-special provided that 
(i) I( 1) is a n-number, 
(ii) for all subnormal subgroups S of G and all irreducible 
constituents e of xs, the determinantal order o(O) is a r-number. 
The following proposition lists some of the essential properties of n-special 
characters. The last one is the key to the usefulness of these characters. 
(6.2) PROPOSITION. Let G be n-separable. 
(i) [3, Proposition 4.11 Let x E Irr(G) be rc-special. Then every 
irreducible constituent of x.2. is z-special for every subnormal subgroup N 
of G. 
(ii) [3, Proposition 4.51 Let N be normal in G and suppose G/N 
is a n-group. Let 8 E It-r(N) be n-special. Then every irreducible constituent 
of 8’ is x-special. 
(iii) [3, Proposition 4.31 Let N be normal in G and suppose G/N 
is a rc’-group. Let 8 E Irr(N) be invariant in G and n-special. Then OG has 
a unique z-special irreducible constituent x and, in fact, x extends 8. 
(iv) [3, Proposition 6.1; and 9, Theorem 9.11 Let H & G with 
1G : HI a z’-number. Then restriction defines an injection from the set of rc- 
special characters of G into the set of a-special characters of H. Further- 
more, if H is a Hall z-subgroup of G then the image of this map is exactly 
the set of stable elements in Irr(H). 
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(v) [3, Proposition 7.11 Assume that a, Z?E Irr(G) are R-special 
and rr’-special, respectively. Then the product afi is irreducible. If also 
,‘/I’= a/I, where a’ and /I’ are n-special and rc’-special, then x = a’ and 
p = /?I. 
If x E Irr(G) can be written in the form x = I/?, where a is Ir-special and 
/I is &-special, we say that x is n-factorable. 
(6.3) LEMMA [8, Corollary 2.61. Let G be n-separable and let x E Irr(G) 
be rt-factorable. Then every irreducible constituent of xiv is n-factorable for 
every subnormal subgroup N of G. 1 
We will now state a result of Gajendragadkar’s [3, Theorem 5.10 and 
Lemma 5.51 in a convenient form. For an exposition and a generalization 
for odd groups, see [9]. 
(6.4) THEOREM. Let G be n-separable. Suppose N is a normal subgroup 
of G, and 8 E Irr(N) is z-special. Assume IG : Z,(O)1 is a n-number. Let 
1+5 E Irr(Z,(B) 19) be a n-special character. Then there exists a linear character 
6 of L,(O) such that (6$) ’ is an irreducible z-special character of G. Further- 
more 6,%,= 1. [ 
7. PRIME DIVISORS OF A FULLY RAMIFIED CHARACTER 
The purpose of this section is to prove Theorem C. We start with some 
lemmas. 
(7.1) LEMMA. Assume that for 13 E Irr(H) Ire have V(0) c N 4 H. Let 
r] be an irreducible constituent of O,,,, and t = IH : In(n Then 
IH: NI q(1)2 t=e(l)*. 
Proof We will compute [e,v, O,v] in two different ways. Since 8 
vanishes off N we have ]N][e,,,, O,v] =x.XsN 10(x)21 =CxEH le(x)‘I = IHI. 
On the other hand, let {q = yl,, . . . . v], ) be the irreducible constituents of ON. 
By Clifford’s theorem 8,,,= e xi=, vi, and thus [e,,,, O,v] = e2t, and 
0( 1) = etn( 1). The conclusion is immediate now. 1 
(7.2) COROLLARY. Let HE G, and N = core,(H). Assume 0 E Irr(H) is 
strongly stable in G. Then I H : NI divides O( 1)‘. 
Proof This follows from Lemmas 3.1 and 7.1. 1 
(7.3) LEMMA. Let H c G with IG : HI a 7c’-number. Suppose 6’ E Irr(H) is 
stable in G and n-special. Then there exists a z-special character of G that 
extends 8. 
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Proof: This is a slight generalization of Proposition 6.2(k), and follows 
from it. Let K be a Hall rc-subgroup of H. By the mentioned proposition 
OK is irreducible and stable, and thus will have a n-special extension z in 
G. It follows from 6.2(iv) that xH and 8 are both n-special extensions of OK. 
This implies that xH= 8 since by the same proposition restriction is an 
injection from the set of rc-special characters of H into Irr(K). 1 
(7.4) LEMMA. Let Hc G with IG : HI a rc-number. Assume 8 E Irr(H) is 
z-special and strongly stable in G. Then every irreducible constituent of 8’ is 
x-special. 
Proof. Let N = core,(H). Now 1 H : NI divides O( 1)’ by Corollary 7.2, 
and is therefore a rc-number. Thus 1G : NI is a n-number. 
By (i) of Proposition 6.2 every irreducible constituent of 8, is n-special, 
and thus by (ii) of the same proposition all irreducible constituents of 
(O,V)G are rc-special. Since the characters we are interested in are among 
these, the proof is complete. 1 
Now we are ready to prove Theorem C, which we will restate here. 
(7.5) THEOREM. Let HE G. Assume that G is soloable, and 8 E Irr( H) is 
fully ramified in G. Let II be the smallest set of primes such that 0 is x- 
special, Then aN the prime dioisors of I G : NI, where N is the core of H in 
G, must be in II. 
ProoJ: In Corollary 7.2 we showed that all prime divisors of 1 H : NI are 
in rr, and so to complete the proof we have to show the same for the prime 
divisors of 1G : HI. 
Let K be a subgroup of G containing H, such that K/N is a Hall n-sub- 
group of G/N. Such a subgroup exists since G is solvable. Lemma 2.9 
implies that some + E Irr( K) is both fully ramified over 0 and in G. Applying 
Lemma 7.4 to 0 it follows that + is n-special. Thus Ic/ extends to G by 
Lemma 7.3. However, $ is also fully ramified in G. These two together 
imply that 1G : KI = 1. Thus IG : HI is a n-number and the proof is 
complete. 1 
8. FULLY RAMIFIED CHARACTERS AND R-FACTORABILITY 
The purpose of this section is to prove Theorem D. To prove the general 
case, we first have to prove the result for the normal case, which is due to 
I. M. Isaacs. We give here a proof for completeness. 
(8.1) THEOREM. Let G be x-separable. Assume N CI G, and x E Irr(G) is 
fully ramified ocer q E Irr( 1%‘). Then 1 is n-factorable if and only if q is. 
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Proof. If 1 is n-factorable then so is q by Lemma 6.3. 
Now assume that q = a/? with a and /I, respectively, rc and n’-special. Fix 
the following notation: For Xc G with N c X, let AX = {y 1 y is a n-special 
factor of some 8 E Irr(XI s)}, and B, = {S 16 is a rr’-special factor of some 
BEIrr(Xln)}. Thus, for example, A,V= {a}, and B,v= {p}. 
Let N s HE K z G with H and K normal in G, such that K/H is a chief 
factor of G. Clearly the proof will be complete if we prove the following 
claim: 
Claim. All $ E Irr(KI II) are n-factorable. Furthermore [AK1 and I B,I 
are, respectively, rc- and rr’-numbers. 
Proof: We will assume that the claim is true for H, and then prove it 
for K. This will be sufficient since we know the claim to be true for N, and 
we can get to K by going up a chief series of G. Without loss of generality 
assume that K/H is a n-group. 
Now x is fully ramified over q, and therefore Irr( HI ‘I) is exactly the set 
of irreducible constituents of xH. Thus Irr(HI q) is a conjugacy class of 
Irr(H) under the action of G. Since each 8 E Irr(HI q) is n-factorable, and 
by Proposition 6.2(v) this factorization is unique, it follows that A, and 
B, are each a unique conjugacy class of Irr(H) under the action of G. Now 
K acts on A, and B,, and in each case all the point stabilizers are con- 
jugate in G, and thus have equal indices in K. It follows that under the 
action of K both A, and B, are partitioned into orbits of equal size. 
Let /JEB”. By the conclusion of the last paragraph, we have 
I B,I = nl K : [,@)I, where n is the number of orbits under the action of K. 
Now, I B,I is a &-number, and IK : I,(a)1 . is a divisor of I K : HI and there- 
fore a n-number. It follows that B is invariant in K. Thus fi extends to a 
rc’-special character 6 of K by Proposition 6.2(iii). 
Let 19 EIrr(H I q), with 0 = I/J, where a E A, and /3 E B,. We have 
OK= (ab)K= aKG. Now K/H is a rr-group, and thus by Proposition 6.2(ii) 
all irreducible constituents of aK are x-special, and hence their products 
with 6 are all the irreducible constituents of OK. This means that on the one 
hand all the irreducible constituents of OK are n-factorable, and on the 
other hand the 7r’-special extensions of the elements of B, are the only 
elements of B,. Thus I B,I = lBHl a Tc’number. 
It is left to show that jAKl is a rc-number. Every element of AK is an 
irreducible constituent of aK, where XE A,. Now A, is a conjugacy class 
of Irr( K) under the action of G, and therefore all of its elements have equal 
degree. Also we know that all the orbits of AH under the action of K have 
equal size r. Thus by Frobenius reciprocity, xK = e Et=, yi, where e and t 
are the same for all a E A,. Computing degrees of both sides, we conclude 
that t is a n-number. Now, lAKl = tlAHl/r and is therefore a n-number. 1 
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We actually need a bit more information about the normal case: and 
therefore will strengthen one direction of Theorem 8.1. The subscript R on 
an integer denotes its n-part. 
(8.2) PROPOSITION. Let G be x-separable. Suppose Na G1 and assume 
that x E Irr(G) is .fully ramified over n E Irr(N). Suppose that n = rfl, where 
r and b are, respecticelJ>, x- and n’-special. Let e2 = IG : NI. Then z = 7’6, 
where 7 is the unique n-special constituent qf xG and d is the unique k-special 
constituent of /I”. Furthermore, ;:.V = e,r and 6, = e,.jX 
Proof Theorem 8.1 implies that z = 76, with ;’ and 6, respectively, 
rc- and rc’-special. Now, rl has a unique factorization into 7c- and &-special 
factors. However, the product of any of the irreducible constituents of ;lN 
with any of the irreducible constituents of 6, provides such a factorization. 
Thus ;:,V is a multiple of X, and 6, is a multiple of j3. Computing degrees 
gives 7 t = e,a and 6, = e,./3. 
By Frobenius reciprocity, x6 = e,Y + /i, where [y, A] =O. We want to 
show that A has no n-special constituents. Now, we have 
e,,eX = (e,,q)G = (e,.$)” = (cS,~,X)~ = &xc = b(e,;: + A) = e,X + 6A. 
Now, if /1 had any rc-special constituent 4, then Sd would be irreducible 
and different from x, which would be a contradiction. Thus 7 is the unique 
n-special constituent of yG. Similarly for 6 and the proof is complete. 1 
(8.3) COROLLARY. Let G be rt-separable, and Na G. Assume that 
x E Irr(G) is fully ramzjied ouer q E Irr( N). Suppose that n = r/I and x = ~6, 
where 2 and 7 are x-special, and /3 and 6 are n’-special. Let NE H c G with 
H/N a Hall rc-subgroup of G/N. Then ;lH is fully ramrfied over 2. 
Proof Proposition 6.2(iv) implies that 7” is irreducible, and by the 
previous proposition y,,, = e,u, where ei = 1 H : NI. Thus the conclusion 
follows by Lemma 2.l(iii). 1 
(8.4) LEMMA. Let N s HE G with N 4 G. Assume that t3 E Irr( H) is fully 
ramified over 9 E Irr( N), and v] is invariant in G. Then 0 is stable in G. 
Proof: Let e’= IH : NI and thus 0,= eg. By the definition of stability 
we have to show that eg and 8 agree on H n Hg. Let x E H n Hg, then 
x = yg for some YE H. Now og(x) = e(y), and thus we need to show that 
0(x) = e(y). Since N is normal in G, we have that x E N if and only if y E N, 
in which case e(x) =eq(x)=er~~(x)=eq(y)= e(y). Also if x$ N then 
(3(x) = 0 =0(y), and the proof is complete. [ 
Notation. For the rest of this section, we adopt the following notation: 
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For a z-factorable irreducible character 1, let xn and xn,, respectively, be its 
rc-special and rr’-special factors. Thus if x is n-factorable then x = x,x~.. 
(8.5) COROLLARY. Let G be n-separable, and N s KS G with N Q G. 
Assume that IG : KI is a z’-number, and Ic/ E Irr( K) is fully ramified over 
v E Irr( N). In addition assume that q and hence $ are x-factorable, and that 
q, is invariant in G. Then I+II, extends to a x-special character of G. 
Proof Let H/N be a Hall n-subgroup of K/N. By Proposition 6.2(iv) 
and Corollary 8.3 the restriction of $, to H is x-special and fully ramified 
over qn. Thus (I++~)” is stable in G by Lemma 8.4, and it extends to a 
n-special character x of G by Lemma 7.3. Now xK and II/, are both 
n-special extensions of (@,)“, which by Proposition 6.2(iv) has only one 
such extension. Thus xK = tj, and the proof is complete. 1 
Now we are ready to prove Theorem D. 
(8.6) THEOREM. Let G be x-separable, and H s G. Assume x E Irr(G) is 
fully ramified over 8 E Irr( H). Then 8 is rt-factorable if and only if ,y is. 
Proof Let N = Core,(H). 
Assume that 8 is z-factorable. Let q, and qn, be some irreducible con- 
stituent of restrictions, respectively, of 0, and 8,. to N. By Proposi- 
tion 6.2(i) and (v) we have that qX and qn. are K- and rc’-special and that 
their product q is an irreducible character of N that lies under 8. The 
degree of 8, is a z-number, and thus by Clifford’s theorem so is 
IH : Z,(q,)l. Similarly IH : Z,(q,,)l is a k-number, and therefore the 
product of these two inertia groups is H. Clearly, their intersection is the 
inertia group of ye in H. Let K= Z&q). It follows from Proposition 3.3 that 
q is fully ramified in K, and that KH= G. Thus Z,(qk)H = ZG(yl,.) H= G. 
This implies that IG : Z,Jq,)l = IH : IH( is a n-number, and similarly for 
ql,.. From this we get that Z&q,,) Z,(r],,) = G, since the indices of these two 
subgroups are coprime. The intersection of these two inertia groups is K, 
and thus the following lattice diagram follows: 
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Let $ E Irr(KI 9). Theorem 8.1 says that II/ is rr-factorable. and 
Corollary 8.5 implies that II/, extends to a rc-special character pX of ZG(qn). 
Now Theorem 6.4 applies and we get a linear character 6 of Z,(r],) such 
that x = (6~~)” is an irreducible rc-special character of G. and 6,v = 1. 
Similarly, by starting with cclr;.. get /I a k-special character of G. Let 
x’ = z/l. 
We have to show that z’ = x. Using Frobenius reciprocity we get that 
6p, is a constituent of sl restricted to IG(qR), and thus q, is a constituent 
of r:v. Similarly qn. is a constituent of BN. It follows that x’ lies over q. 
However, by Clifford’s correspondence there is a one to one corre- 
spondence between Irr(Klq) and Irr(GI q), and since rj is the unique 
irreducible character of K that lies over v], it follows that there is a unique 
irreducible character of G lying over ‘I. Now x and x’ are two such charac- 
ters. It follows that x = z’ = r/?: and the proof of one direction is complete. 
The proof of the other direction is similar. 1 
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